NumBabies HWO01

Q1. Finding Inverses

a) Suppose we want to find the multiplicative inverse of a real number a. The
answer is, of course, 1/a. A numerical way to state this is to solve for x
such that

f(m)zé—a:().

This becomes a root-finding problem. Show that Newton’s method gives

Tnt1 = Tpn (2 —axy,) .

Plug in numbers to verify that this is correct.

b) Show that the same formula also works for finding the inverse of a matrix

A:
Xpi1 = X, (21 — AX,,) .
Demonstrate this with a 2 x 2 matrix. (Not all initial guesses will work.)

Q2. Complex 7 as a 2 x 2 Matrix

If we represent the complex number ¢ as

0 -1
1 0|’
in Julia you can write:

imat = [0 -1; 1 0]

Show how
i?=—1
e =—1
ei‘ﬂ'/Q :Z

are realized in this matrix representation.



Q3. Midpoint Versus Simpson’s Rule

a) Write Julia functions midpoint(f, a, b, N) and simpson(f, a, b, N)
that implement these integration rules to compute

/abf(x) dx

for a general function f using N grid points.

b) Approximate the following integrals (find a suitable mapping function if
needed):

Function Exact (for reference)
I e da VT2
0o g4
[Zoede 3T(1/4)
Iy~ sin(2?) d /8

¢) Tabulate the numerical results for various values of N: 5,10, 20, 50, 100, 1000.
Compare the numerical values with the exact results.

Q4. Roots via Companion Matrix

For a polynomial of degree n,

p(z) =2 4+ 12"t -+ 1+ co,

the companion matrix C is

0 0 0 —co

1 0 0 —C1
C — O 1 0 —C2

00 ... 1 —Cn—1

nxn

The eigenvalues of C are the roots of p(z).

a) Write a Julia function companion_roots(coeffs) that takes a vector of
the c; values as input and computes all roots.

b) Test your function on the polynomials
4

t—at -2 —zx—-1=0

and



2 —1=0.

Report all roots.

¢) Visualize these roots by plotting them on the complex plane.

Q5. Generalized Gaussian Integrals

a) The Gaussian integral

generalizes to

2t A= 7T'N
/dl‘ldl‘g"'dl‘]\]t’f—m Am:\/detA'

Here A should be an N x N positive-definite matrix, and
ftAf = Z Z‘IJZJAU
i,

Write a program to verify the result for N = 2,3,6. Start with an A that is
positive definite. (Please avoid diagonal matrices.)

b) Can you perform calculations for N = 10 with your method of choice?
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